Systems of polynomial equations over an algebraically-closed field K can be used to concisely model many combinatorial problems. In this way, a combinatorial problem is feasible (e.g., a graph is 3-colorable, hamiltonian, etc.) if and only if a related system of polynomial equations has a solution over K. In this paper, we investigate an algorithm aimed at proving combinatorial infeasibility based on the observed low degree of Hilbert's Nullstellensatz certificates for polynomial systems arising in combinatorics and on large-scale linear-algebra computations over K. We report on experiments based on the problem of proving the non-3-colorability of graphs. We successfully solved graph problem instances having thousands of nodes and tens of thousands of edges.
INTRODUCTION
It is well known that systems of polynomial equations over a field can yield small models of difficult combinatorial problems. For example, it was first noted by D. Bayer that the 3-colorability of graphs can be modeled via a system of polynomial equations [2] . More generally, one can easily prove the following:
x l j = 0, ∀{i, j} ∈ E(G) has a complex solution. Moreover, the number of solutions equals the number of distinct k-colorings multiplied by k!. Although such polynomial system encodings have been used to prove combinatorial results (see [1, 6] and therein), they have not been widely used for computation. The key issue that we investigate here is the use of such polynomial systems to effectively decide whether a graph, or other combinatorial structure, has a property captured by the polynomial system and its associated ideal. We call this the combinatorial feasibility problem. We are particularly interested in whether this can be accomplished in practice for large combinatorial structures such as graphs with many nodes.
Certainly, using standard tools in computational algebra such as Gröbner bases, one can answer the combinatorial feasibility problem by simply solving the system of polynomials. Nevertheless, it has been shown by experiments that current Gröbner bases implementations often cannot directly solve polynomial systems with hundreds of polynomials. This paper proposes another approach that relies instead on the nice low degree of the Hilbert's Nullstellensatz for combinatorial polynomial systems and on large-scale linear-algebra computation.
For a hard combinatorial problem (e.g., 3-colorability of graphs), we associate a system of polynomial equations J = {f 1 (x) = 0, . . . , f s (x) = 0} such that the system J has a solution if and only if the combinatorial problem has a feasible solution. The Hilbert Nullstellensatz (see e.g., [5] ) states that the system of polynomial equations has no solution over an algebraically-closed field K if and only if there exist polynomials β 1 , . . . , β s ∈ K[x 1 , . . . , x n ] such that 1 = β i f i . Thus, if the polynomial system J has no solution, then there exists a certificate that J has no solution, and thus a certificate that the combinatorial problem is infeasible.
The key idea that we explore in this article is to use the Nullstellensatz to generate a finite sequence of linear algebra systems, of increasing size, which will eventually become feasible if and only if the combinatorial problem is infeasible. Given a system of polynomial equations, we fix a tentative degree k for the coefficient polynomials β i in the certificates.
We can decide whether there is a Nullstellensatz certificate with coefficients of degree ≤ k by solving a system of linear equations over the field K whose variables are in bijection with the coefficients of the monomials of the polynomials β 1 , . . . , β s . If this linear system has a solution, we have found a certificate; otherwise, we try a higher degree for the polynomials β i . This process is guaranteed to terminate because, for a Nullstellensatz certificate to exist, the degrees of the polynomials βi cannot be more than known bounds (see [10] and references therein). We explain the details of the algorithm, which we call NulLA, in Section 2.
Our method can be seen as a general-field variation of work by Lasserre [11] , Laurent [13] and Parrilo [16] and many others, who studied the problem of minimizing a general polynomial function f (x) over a real algebraic variety with finitely many points. Laurent proved that when the variety consists of the solutions of a zero-dimensional radical ideal I, one can set up the optimization problem min{f (x) : x ∈ variety(I)} as a finite sequence of semidefinite programs terminating with the optimal solution (see [13] ). There are two key observations that speed up practical calculations considerably: (1) when dealing with feasibility, instead of optimization, linear algebra replaces semidefinite programming and (2) there are ways of controlling the length of the sequence of linear-algebra systems including finite field computation instead of calculations over the reals and the reduction of matrix size by symmetries. See Section 3 for details.
Our algorithm has good practical performance and numerical stability. Although known theoretical bounds for degrees of the Nullstellensatz coefficients are doubly-exponential in the size of the polynomial system (and indeed there exist examples that attain such a large bound and make NulLA useless in general), our experiments demonstrate that often low degrees suffice for systems of polynomials coming from graphs. We have implemented an exact-arithmetic linear system solver optimized for these Nullstellensatz-based systems. We performed many experiments using NulLA, focusing on the problem of deciding graph 3-colorability (note that the method is applicable to any combinatorial problem whose polynomial system encoding is known). We conclude with a report on these experiments in Section 4.
NULLSTELLENSATZ LINEAR ALGEBRA (NULLA) ALGORITHM
Recall that Hilbert's Nullstellensatz states that a system of polynomial equations f 1 (x) = 0, . . . , f s (x) = 0, where f i ∈ K[x 1 , . . . , x n ] and K is an algebraically closed field, has no solution in K n if and only if there exist polynomials β1, . . . , βs ∈ K[x1, . . . , xn] such that 1 = βifi [5] . The polynomial identity 1 = β i f i is called a Nullstellensatz certificate, which has degree d if max{deg(β i )} = d.
The Nullstellensatz Linear Algebra (NulLA) algorithm accepts as input a system of polynomial equations and outputs either a yes answer, if the system of polynomial equations has a solution, or a no answer, along with a Nullstellensatz infeasibility certificate, if the system has no solution. Before stating the algorithm in pseudocode, we clarify the connection to linear algebra. Suppose the input polynomial system is infeasible over K, and suppose further that an oracle has told us the certificate has degree d but that we do not know the actual coefficients of the degree d polynomials β i . Thus, we have the polynomial identity 1 = β i f i . If we expand the identity into monomials, the coefficients of a monomial are linear expressions in the coefficients of the βi. Since two polynomials over a field are identical precisely when the coefficients of corresponding monomials are identical, from the 1 = β i f i , we get a system of linear equations whose variables are the coefficients of the β i . Here is an example: Example 2.1. Consider the polynomial system x 2 1 − 1 = 0, x 1 + x 2 = 0, x 1 + x 3 = 0, x 2 + x 3 = 0. This system has no solution, and a Nullstellensatz certificate of degree one.
Expanding the tentative Nullstellensatz certificate into monomials and grouping like terms, we arrive at the following polynomial equation:
From this, we extract a system of linear equations. Since a Nullstellensatz certificate is identically one, all monomials except the constant term must be equal to zero; namely:
By solving the system of linear equations, we reconstruct the Nullstellensatz certificate from the solution. Indeed
In general, one does not know the degree of the Nullstellensatz certificate in advance. What one can do is to start with a tentative degree, say start at degree one, produce the corresponding linear system, and solve it. If the system has a solution, then we have found a Nullstellensatz certificate demonstrating that the original input polynomials do not have a common root. Otherwise, we increment the degree until we can be sure that there will not be a Nullstellensatz certificate at all, and thus we can conclude the system of polynomials has a solution. The number of iterations of the above steps determines the running time of NulLA. For this, there are well-known upper bounds on the degree of the Nullstellensatz certificate [10] . These upper bounds for the degrees of the coefficients β i in the Hilbert Nullstellensatz certificates for general systems of polynomials are doublyexponential in the number of input polynomials and their degree. Unfortunately, these bounds are known to be sharp for some specially-constructed systems. Although this immediately says that NulLA is not practical for arbitrary polynomial systems, we have observed in practice that polynomial systems for combinatorial questions are extremely specialized, and the degree growth is often very slow -enough to deal with large graphs or other combinatorial structures. Now we describe NulLA in pseudocode: ***************************************************** ALGORITHM: Nullstellensatz Linear Algebra (NulLA) Algorithm) INPUT: A system of polynomial equations F = {f 1 (x) = 0, . . . , fs(x) = 0} OUTPUT: yes, if F has solution, else no along with a Nullstellensatz certificate of infeasibility. d ← 1. K ← known upper bounds on degree of Nullstellensatz for F (see e.g., [10] )
where β i are polynomials of degree d, with unknowns for their coefficients). Extract a system of linear equations from cert with columns corresponding to unknowns, and rows corresponding to monomials. Solve the linear system. if the linear system is consistent then cert ← s i=1 β i f i (with unknowns in β i replaced with linear system solution values.) print "The system of equations F is infeasible." return no with cert. end if d ← d + 1. end while print "The system of equations F is feasible." return yes. ***************************************************** This opens several theoretical questions. It is natural to ask about lower bounds on the degree of the Nullstellensatz certificates. Little is known, but recently it was shown in [6] , that for the problem of deciding whether a given graph G has an independent set of a given size, a minimum-degree Nullstellensatz certificate for the non-existence of an independent set of size greater than α(G) (the size of the largest independent set in G) has degree equal to α(G), and it is very dense; specifically, it contains at least one term per independent set in G. For polynomial systems coming from logic there has also been an effort to show degree growth in related polynomial systems (see [3, 8] and the references therein). Another question is to provide tighter, more realistic upper bounds for concrete systems of polynomials. It is a challenge to settle it for any concrete family of polynomial systems.
FOUR MATHEMATICAL IDEAS TO OP-TIMIZE NULLA
Since we are interested in practical computational problems, it makes sense to explore refinements and variations that make NulLA robust and much faster for concrete challenges. The main computational component of NulLA is to construct and solve linear systems for finding Nullstellensatz certificates of increasing degree. These linear systems are typically very large for reasonably-sized problems, even for certificate degrees as low as four, which can produce linear systems with millions of variables (see Section 4). Furthermore, the size of the linear system increases dramatically with the degree of the certificate. In particular, the number of variables in the linear system to find a Nullstellensatz certificate of degree d is precisely s n+d d where n is the number of variables in the polynomial system and s is the number of polynomials. Note that n+d d is the number of possible monomials of degree d or less. Also, the number of non-zero entries in the constraint matrix is precisely M n+d d where M is the sum over the number of monomials in each polynomial of the system. For this reason, in this section, we explore mathematical approaches for solving the linear system more efficiently and robustly, for decreasing the size of the linear system for a given degree, and for decreasing the degree of the Nullstellensatz certificate for infeasible polynomial systems thus significantly reducing the size of the largest linear system that we need to solve to prove infeasibility. Note that these approaches to reduce the degree do not necessarily decrease the available upper bound on the degree of the Nullstellensatz certificate required for proving feasibility.
It is certainly possible to significantly decrease the size of the linear system by preprocessing the given polynomial system to remove redundant polynomial equations and also by preprocessing the linear system itself to eliminate many variables. For example, in the case of 3-coloring problems for connected graphs, since (
, we can remove all but one of the vertex polynomials by tracing paths through the graph. However, preprocessing alone is not sufficient to enable us to solve some large polynomial systems.
The mathematical ideas we explain in the rest of this section can be applied to arbitrary polynomial systems, but to implement them, one has to look for the right structures in the polynomials.
NulLA over Finite Fields
The first idea is that, for combinatorial problems, one can often carry out calculations over finite fields instead of relying on unstable floating-point calculations. We illustrate this with the problem of deciding whether the vertices of a graph permit a proper 3-coloring. The following encoding (a variation of [2] over the complex numbers) allows us to compute over F 2 , which is robust and much faster in practice (also see [7] ):
, has a solution over F2, the algebraic closure of F2.
Before we prove Lemma 3.1, we introduce a convenient notation: Let α be an algebraic element over F 2 such that α 2 + α + 1 = 0. Thus, although x 3 i + 1 has only one root over F 2 , since x 3 i + 1 = (x i + 1)(x 2 i + x i + 1), the polynomial x 3 i + 1 has three roots over F2, which are 1, α and α + 1.
Proof. If the graph G is 3-colorable, simply map the three colors to 1, α and α+1. Clearly, the vertex polynomial equations x 3 i + 1 = 0 are satisfied. Furthermore, given an edge {i, j}, x i +x j = 0 since variable assignments correspond to a proper 3-coloring and adjacent vertices are assigned different roots. This implies that
Therefore, x 2 i + xixj + x 2 j = 0 and the edge polynomial equations are satisfied.
Conversely, suppose that there exists a solution to the system of polynomial equations. Clearly, every vertex is assigned either 1, α or α + 1. We will show that adjacent vertices are assigned different values. Our proof is by contradiction: Assume that two adjacent vertices i, j are assigned the same value β. Then, 0 = x 2 i +x i x j +x 2 j = β 2 +β 2 +β 2 = 3β 2 = 0. Therefore, adjacent vertices are assigned different roots, and a solution to the system corresponds directly to a proper 3-coloring.
We remark that this result can be extended to k-colorability and F q , when q is relatively prime to k. The following computational lemma will allow us to certify graph non-3colorability very rapidly over F2 instead of working over its algebraic closure.
Lemma 3.2. Let K be a field and K its algebraic closure.
Proof. If there exists a Nullstellensatz certificate 1 = β i f i where β i ∈ K[x 1 , . . . , x n ], via NulLA, construct the associated linear system and solve. Since f i ∈ K[x 1 , . . . , x n ], the coefficients in the linear system will consist only of values in K. Thus, solving the linear system relies only on computations in K, and if the free variables are chosen from K instead of K, the resulting Nullstellensatz certificate 1 =
The reverse implication is trivial. Therefore, we have the following corollary:
This corollary enables us to compute over F2, which is extremely fast in practice (see Section 4) .
Finally, the degree of Nullstellensatz certificates necessary to prove infeasibility can be lower over F 2 than over the rationals. For example, over the rationals, every odd-wheel has a minimum non-3-colorability certificate of degree four [6] . However, over F 2 , every odd-wheel has a Nullstellensatz certificate of degree one. Therefore, not only are the mathematical computations more efficient over F 2 as compared to the rationals, but the algebraic properties of the certificates themselves are sometimes more favorable for computation as well.
NulLA with symmetries
Let us assume that the input polynomial system F = {f 1 , . . . , f s } has maximum degree q and that n is the number of variables present. As we observed in Section 2, for a given fixed positive integer d serving as a tentative degree for the Nullstellensatz certificate, the Nullstellensatz coefficients come from the solution of a system of linear equations. We now take a closer look at the matrix equation M F,d y = b F,d defining the system of linear equations. First of all, the matrix M F,d has one row per monomial x α of degree less than or equal to q + d on the n variables and one column per polynomial of the form x δ fi, i.e., the product of a monomial x δ of degree less than or equal to d and a polynomial
The variable y has one entry for every polynomial of the form x δ fi denoted y x δ f i , and the vector b F,d has one entry for every monomial x α of degree less than or equal to
Example 3.4. Consider the complete graph K 4 . The shape of a degree-one Hilbert Nullstellensatz certificate over F 2 for non-3-colorability is as follows:
Note that we have preprocessed the certificate by removing the redundant polynomials x 3 i + 1 where i = 1 and removing some variables that we know a priori can be set to zero, which results in a matrix with less columns. As we explained in Section 2, this certificate gives a linear system of equations in the variables c0 and c k ij (note that k is a superscript and not an exponent). This linear system can be captured as the matrix equation M F,1 c = b F,1 where the matrix M F,1 is as follows. Certainly the matrix M F,d is rather large already for small systems of polynomials. The main point of this section is to demonstrate how to reduce the size of the matrix by using a group action on the variables, e.g., using symmetries or automorphisms in a graph. Suppose we have a finite permutation group G acting on the variables x 1 , . . . , x n . Clearly G induces an action on the set of monomials with variables x1, x2, . . . , xn of degree t. We will assume that the set F of polynomials is invariant under the action of G, i.e.,
. . x δ n n , a monomial of degree δ 1 + δ 2 + · · · + δ n . Denote by Orb(x α ), Orb(x δ fi) the orbit under G of monomial x α and, respectively, the orbit of the polynomial obtained as the product of the monomial x δ and the polynomial f i ∈ F .
We now introduce a new matrix equationM F,d,Gȳ = b F,d,G . The rows of the matrixM F,d,G are indexed by the orbits of monomials Orb(x α ) where x α is a monomial of degree less than or equal to q + d, and the columns ofM F,d,G are indexed by the orbits of polynomials Orb(x δ f i ) where f i ∈ F and the degree of the monomial x δ less than or equal to d. Then, letM F,d,
Note that M x α ,x δ f i = M g(x α ),g(x δ f i ) for all g ∈ G meaning that the coefficient of the monomial x α in the polynomial x δ fi is the same as the coefficient of the monomial g(x α ) in the polynomial g(x δ fi). So, ∀x d ∈ Orb(x α ),
and thus,M Orb(x α ),Orb(x δ f i ) is well-defined. We call the matrixM F,d,G the orbit matrix. The variableȳ has one entry for every polynomial orbit Orb(x δ f i ) denotedȳ Orb(x δ f i ) . The vectorb F,d has one entry for every monomial orbit 
First, we show that if the linear system M y = b has a solution, then there exists a symmetric solution y of the linear system M y = b meaning that y x δ f i is the same for all x δ fi in the same orbit, i.e., y x γ f j = y x δ f i for all x γ fj ∈ Orb(x δ fi). The converse is also trivially true.
Since the rows and columns of the matrix M are labeled by monomials x α and polynomials x δ f i respectively, we can think of the group G as acting on the matrix M , permuting the entries M , i.e., applying g ∈ G to M gives the permuted matrix g(M ) where
we must have g(M ) = M , so the matrix M is invariant under the action of the group G. Also, since the entries of the variable y are labeled by polynomials of the form x α fi, we can also think of the group G as acting on the vector y, permuting the entries of the vector y, i.e., applying g ∈ G to y gives the permuted vector g(y) where g(y) g(x δ f i ) = y x δ f i . Similarly, G acts on the vector b, and in particular,
for all g ∈ G. Now, let y = 1 |G| g∈G g(y).
Note we need that |G| is relatively prime to the characteristic of the field K so that |G| is invertible. Then,
Therefore, y is a symmetric solution as required. Now, assume that there exists a solution of M y = b. By the above argument, we can assume that the solution is symmetric, i.e., y
From this symmetric solution of M y = b, we can find a solution ofMȳ =b by settinḡ
To show this, we check that (Mȳ) Orb(x α ) =b Orb(x α ) for every monomial x α .
Next, we establish the converse more easily. Recall that the columns ofM are labeled by orbits. If there is a solution forMȳ =b, then to recover a solution of M y = b, we set
Note that y is a symmetric solution. Using the same calculation as above, we have that (M y) x α = (Mȳ) Orb(x α ) , and thus, M y = b. Example 3.6 (Continuation of Example 3.4). Now consider the action of the symmetry group G generated by the cycle (2,3,4 ) (a cyclic group of order three). The permutation of variables permutes the monomials and yields a matrix M F,1,G . We have now grouped together monomials and terms within orbit blocks in the matrix below. The blocks will be later replaced by a single entry, shrinking the size of the matrix.
1 1 0 0 0 0 0 0 0 0 0 · · · 0 0 0 x 3 1 1 1 1 1 0 0 0 0 0 0 · 0 0 0 x 2 1 x 2 0 1 0 0 1 0 0 0 0 1 · · · 0 0 0 x 2 1 x 3 0 0 1 0 0 1 0 1 0 0 · · · 0 0 0 x 2 1 x 4 0 0 0 1 0 0 1 0 1 0 · · · 0 0 0 x 1 x 2 2 0 1 0 0 1 0 0 0 0 0 · · · 0 0 0 x 1 x 2 3 0 0 1 0 0 1 0 0 0 0 · · · 0 0 0 x 1 x 2 4 0 0 0 1 0 0 1 0 0 0 · · · 0 0 0 x 1 x 2 x 3 0 0 0 0 0 0 0 1 0 0 · · · 0 0 0 x 1 x 2 x 4 0 0 0 0 0 0 0 0 0 1 · · · 0 0 0 x 1 x 3 x 4 0 0 0 0 0 0 0 0 1 0 · · · 0 0 0 The action of the symmetry group generated by the cycle (2, 3, 4) yields an orbit matrixM F,q,G of about a third the size of the original one: 1   12c  2  12c  3  12c  4  12c  1  23c  2  23c  2  24c  2  34 Orb(1) 1 0 0 0 0 0 0 0 0 Orb(x 3 1 ) 1 3 0 0 0 0 0 0 0 Orb(x 2 1 x 2 ) 0 1 1 1 1 0 0 0 0
If |G| is not relatively prime to the characteristic of the field K, then it is still true that, ifM y =b has a solution, then M y = b has a solution. Thus, even if |G| is not relatively prime to the characteristic of the field K, we can still prove that the polynomial system F is infeasible by finding a solution of the linear systemM y =b.
Reducing the Nullstellensatz degree by appending polynomial equations
We have discovered that by appending certain valid but redundant polynomial equations to the system of polynomial equations described in Lemma 3.1, we have been able to decrease the degree of the Nullstellensatz certificate necessary to prove infeasibility. A valid but redundant polynomial equation is any polynomial equation g(x) = 0 that is true for all the zeros of the polynomial system f 1 (x) = 0, ..., f s (x) = 0, i.e., g ∈ √ I, the radical ideal of I, where I is the ideal generated by f1, ..., fs. In fact, we only really require that g(x) = 0 holds for at least one of zeros of the polynomial system f 1 (x) = 0, ..., f s (x) = 0 if a zero exists. We refer to a redundant polynomial equation appended to a system of polynomial equations, with the goal of reducing the degree of a Nullstellensatz certificate, as a degree-cutter. For example, for 3-coloring, consider a triangle described by the vertices {x, y, z}. Whenever a triangle appears as a subgraph in a graph, the vertices of the triangle must be colored differently. We capture that additional requirement with the equation
which is satisfied if and only if x = y = z = x since x, y and z are third roots of unity. Note that the equation x + y + z = 0 also implies x = y = z = x, but we use the equation x 2 + y 2 + z 2 = 0, which is homogeneous of degree two, because the edge equations from Lemma 3.1 are also homogeneous of degree two, and this helps preserve the balance of monomials in the final certificate.
Consider the Koester graph [9] from Figure 1 , a graph with 40 vertices and 80 edges. This graph has chromatic number four, and a corresponding non-3-colorability certificate of degree four. The size (after preprocessing) of the associated linear system required by NulLA to produce this certificate was 8, 724, 468 × 10, 995, 831 and required 5 hours and 17 minutes of computation time.
Figure 1: Koester graph
When we inspect the Koester graph in Figure 1 , we can see that this graph contains 25 triangles. When we append these additional 25 equations to the system of polynomial equations describing this graph, the degree of the Nullstellensatz certificate drops from four to one, and now, with the addition of the 25 triangle equations, NulLA only needs to solve a 4, 626 × 4, 346 linear system to produce a degree one certificate, which takes 0.2 seconds of computation time. Note that even though we have appended equations to the system of polynomial equations, because the degree of the overall certificate is reduced, the size of the resulting linear system is still much, much less.
These degree-cutter equations for 3-colorability (1) can be extended to k-colorability. A (k − 1)-clique implies that all nodes in the clique have a different color. Then, given the (k−1)-clique with the vertices x1 through x k−1 , the equation
We conjecture that these equations may also decrease the minimal degree of the Nullstellensatz certificate if one exists.
The degree-cutter equations for 3-colorability (1) are not always sufficient to reduce the degree of the Nullstellensatz. Consider the graph from Figure 2 . Using only the polynomials from Lemma 3.1, the graph in Figure 2 has a degree four certificate. The graph contains three triangles: {1, 2, 6}, {2, 5, 6} and {2, 6, 7}. In this case, after appending the degree-cutter equations for 3-colorability (1) the degree of the minimal Nullstellensatz certificate for this graph is still four. The difficulty with the degree-cutter approach is in finding candidate degree-cutters and in determining how many of the candidate degree-cutters to append to the system. There is an obvious trade-off here between the time spent finding degree-cutters together with the time penalty incurred related to the increased size of the linear system that must be solved versus the benefit of reducing the degree of the Nullstellensatz certificate.
Alternative Nullstellensätze
There is another approach we have found to decrease the minimal degree of the Nullstellensatz certificate. We now introduce the idea of an alternative Nullstellensatz, which follows from the Hilbert Nullstellensatz. The Hilbert Nullstellensatz is a special case of this alternative Nullstellensatz where g(x) = 1. We can easily adapt the NulLA algorithm to use this alternative Nullstellensatz given the polynomial g. Here, the polynomial g determines the constant terms of the linear system that we need to solve to find a certificate of infeasibility. The idea here is that the minimal degree of the alternative Nullstellensatz certificate is sometimes smaller than the minimal degree of the ordinary Nullstellensatz certificate.
In the case of 3-colorability (and also more generally kcolorability), we may choose g as any non-trivial monomial since g(x) = 0 implies that x i = 0 for some i = 1, ..., n, which contradicts that x 3 i − 1 = 0. For the graph in Figure 2 , if we choose g(x) = x 1 x 8 x 9 (among others), then the minimal degree of the Nullstellensatz certificate drops to one.
The apparent difficulty in using the alternative Nullstellensatz approach is in choosing g(x). One solution to this problem is to try and find a Nullstellensatz certificate for a set of g(x) including g(x) = 1. For example, for the graph in Figure 2 , we tried to find a certificate of degree one for the set of all possible monomials of degree 3. Since choosing different g(x) only means changing the constant terms of the linear system in NulLA (the other coefficients remain the same), solving for a set of g(x) can be accomplished very efficiently.
EXPERIMENTAL RESULTS
In this section, we present our experimental results, including a comparison between NulLA and other graph coloring algorithms such as the Alon-Tarsi method [1], the Gröbner basis method, DSATUR and Branch-and-Cut [12] . To summarize, almost all of the graphs tested by NulLA had degree one certificates. This algebraic property, coupled with our ability to compute over F 2 , allowed us to prove the non-3-colorability of graphs with over a thousand nodes.
Methods
Our computations were performed on machines with dual Opteron nodes, 2 GHz clock speed, and 12 GB of RAM. No degree-cutter equations or alternative Nullstellensatz certificates were used. We preprocessed the linear systems by removing redundant vertex polynomials via (x 3 i + 1) = (x 3 j + 1) + (xi + xj)(
Since the graphs that we tested are connected, via the previous equality, we can remove all but one of the vertex polynomial equations by tracing paths from an arbitrarily selected "origin" vertex. We also eliminated unnecessary monomials from the system.
Test cases
We tested the following graphs:
1. DIMACS: The graphs from the DIMACS Computational Challenge (1993, 2002) are described in detail at http://mat.gsia.cmu.edu/COLORING02/. This set of graphs is the standard benchmark for graph coloring algorithms. We tested every DIMACS graph whose associated NulLA matrix could be instantiated within 12 GB of RAM. For example, we did not test C4000.5.clq, which has 4,000 vertices and 4,000,268 edges, yielding a degree one NulLA matrix of 758 million non-zero entries and 1 trillion columns. 
Results
In this section, we present our experimental results on graphs with and without 4-cliques. We also point out certain properties of NulLA-constructed certificates, and conclude with tests on random graphs. Surprisingly, all but four of the DIMACS, Mycielski and Kneser graphs tested with NulLA have degree one certificates.
The DIMACS graphs are primarily benchmarks for graph k-colorability, and thus contain many graphs with large chromatic number. Such graphs often contain 4-cliques. Although testing for graph 3-colorability is well-known to be NP-Complete, there exist many efficient (and even trivial), polynomial-time algorithms for finding 4-cliques in a graph. Thus, we break our computational investigations into two tables: Table 1 contains graphs without 4-cliques, and Table 3 contains graphs with 4-cliques (considered "easy" instances of 3-colorability). In the tables below, the certificate degree is one, n is the number of vertices and m is the number of edges. For space considerations, we only display representative results for graphs of varying size for each family. The size of the linear systems involved rangef from 15, 737 × 15, 681 up to 45, 980, 650 × 46, 378, 333 (for the (8, 3)-Kneser and (13, 5)-Kneser graphs, respectively).
However, not all of the DIMACS challenge graphs had degree one certificates. We were not able to produce certificates for mug88_1, mug88_25, mug100_1 or mug100_25, even when using degree-cutters and searching for alternative Nullstellensatz certificates. When testing for a degree four certificate, the smallest of these graphs (88 vertices and 146 edges) yielded a linear system with 1,170,902,966 non-zero Recall that the certificates returned by NulLA consist of a single vertex polynomial (via preprocessing), and edge polynomials describing either the original graph in its entirety, or a non-3-colorable subgraph from the original graph. For example, if the graph contains a 4-clique as a subgraph, often the Nullstellensatz certificate will only display the edges contained in the 4-clique. In this case, we say that NulLA isolates a non-3-colorable subgraph from the original graph. The size difference between these subgraphs and the input graphs is often dramatic, as shown in Table 2 . respect to B. If the normal form is zero, P G ∈ I G , and the graph is non-3-colorable. The efficiency of the Alon-Tarsi method can be increased by incrementally constructing PG [7] : we order the edges, and then find the normal form of (x i 1 − x j 1 ) with respect to B, and then the normal form of (x i 1 − x j 1 )(x i 2 − x j 2 ) with respect to B, etc.
We compared NulLA to the Gröbner basis and Alon-Tarsi methods on graphs with and without 4-cliques; results are displayed in Tables 6 and 7, respectively. NulLA consistently greatly out-performed the Gröbner basis method. For example, on zeroin.i.1, NulLA ran in 6 seconds, while CoCoA Lib took almost one hour. These experimental results indicate that NulLA scales better than the Gröbner basis method.
NulLA also compared extremely favorably with the Alon-Tarsi method, which usually did not terminate within the requisite time bounds. However, in the special case when the first few vertices and edges of the graph happen to describe a non-3-colorable subgraph (such as a 4-clique, or the Grötzch graph), the Alon-Tarsi method ran very quickly, because of the iterative approach incorporated during implementation. Consider the example of the ninth Mycielski graph (383 vertices and 7,271 edges): the Alon-Tarsi method terminated in .24 seconds, but after we permuted the vertices and edges, the method consumed 9 GB of RAM over 4 hours of computation and only processed 30 edges. This example shows that the Alon-Tarsi method is extremely sensitive to the vertex and edge ordering. If a similiar iterative approach was incorporated either into NulLA or the Gröbner basis method, these algorithms would likewise terminate early in this special case.
As another example of the draw-backs of the Alon-Tarsi method, we considered edge-critical graphs, where the entire input must be read. For example, the odd wheels form a trivial family of edge-critical non-3-color-able graphs. The Alon-Tarsi method was unable to determine the non-3-colorability of the 17-odd-wheel (18 vertices and 34 edges): after two hours of computation, the normal form contained over 19 million monomials, and had consumed over 8 GB of RAM. The experimental results are displayed in Table 4 . Table 4 : NulLA, GB and AT on wheel graphs.
We conclude with a short comment about NulLA's relation to DSATUR and Branch-and-Cut [12] . These heuristics return bounds on the chromatic number. In Table 5 (data taken from [12] ), we display the bounds returned by Branch-and-Cut (B&C) and DSATUR, respectively. In the case of these graphs, NulLA determined non-3-colorability very rapidly (establishing a lower bound of four), while the two heuristics returned lower bounds of three and two, respectively. Thus, NulLA returned a tighter lower bound on the chromatic number than B&C or DSATUR. 3 Table 7 : NulLA, GB, AT on graphs w/o 4-cliques.
CONCLUSION
We presented a general algebraic method to prove combinatorial infeasibility. We showed that even though the worst-case known Nullstellensatz degree upper bounds are doubly-exponential, in practice for useful combinatorial systems, they are often much smaller and can be used to solve even large problem instances. Our experimental results illustrated that many benchmark non-3-colorable graphs have degree one certificates; indeed, non-3-colorable graphs with certificate degrees larger than one appear to be rare. We also showed that NulLA compares well with other algebraic methods and popular heuristics for colorability. 
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